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Can Harmonic Functions Constitute Closed-Form Buckling
Modes of Inhomogeneous Columns?
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It is uniformly known that the buckling modes of uniform columns are given by trigonometric, namely, harmonic,
functions. For inhomogeneous columns the buckling modes usually are derived via special functions including
Bessel and Lommel functions. Recently it was demonstrated that the buckling modes of specific inhomogeneous
columns assume a simple polynomial form. The question posed in the title of this study therefore naturally arises.
It is shown that the reply to this query is affirmative. Four cases of harmonically varying buckling modes are
postulated and semi-inverse problems are solved that result in the distributions of the flexural rigidity compatible
to the preselected modes and to specified axial load distributions. In all cases the closed-form solutions are obtained

for the eigenvalue parameter.

Nomenclature
A = constant coefficients [defined in Eq. (4)]
a = real number [defined in Eq. (1)]
D(x) = axially varying flexural rigidity E (x) 1 (x)
E(x) = modulus of elasticity
1 = positive constant [defined in Eq. (1)]
I(x) = moment of inertia
L = length of the column
N(x) = axial compressiveload distribution
P = critical load
p(x) = distributed axial load
q = eigenvalue
w(x) = displacements
X = axial coordinate
o = real number [defined in Eq. (4)]
B = ratio A;/Ag
& = nondimensional coordinate
¥ (x) = specified harmonic buckling mode

Introduction

ECENTLY several studies have been published that reported
novel closed-form solutions for columns of variable flexural
rigidity. Elishakoff and Rollot! utilized computerized symbolic al-
gebra to derive several closed-form solutions. A systematic deriva-
tion has been conductedby Elishakoff>* and Guede and Elishakoff*
in which polynomialmode shapes with closed-formsolutions for the
buckling loads have been derived. Namely, Elishakoff’s study*dealt
with generalized Euler column, whereas in the paper’ Euler’s col-
umn under axial concentrated loads have been considered. Guede
and Elishakoff* generalized this solution for the vibrating column.
It is of interest to extend the class of functions acceptable for
the buckling modes, because the polynomialshave been studied be-
fore. Here we consider the trigonometric mode shapes, as candidate
functions for the buckling modes.
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We foundin the literaturea referenceon asingle work, by Dinnik,>
as quoted in the selected works by Dinnik® whose title suggests that
the axial variation of the cross section or of the flexural rigidity
was sinusoidal. (We were unable to obtain the paper itself.) Another
book by Dinnik’ references work by Bleich,! who considered by
approximate method buckling of columns whose moment of inertia
varies as follows:

I(x) = I[sin(a + x)/(a + )7 ]? €8]

Dinnik” mentions that “the method and the numerical coefficients
obtained by Bleich® call for doubts in their correctness.” Hence
Dinnik” reobtained the formulas by numerical integration.

In this study, instead of polynomial buckling modes trigonometric
functionsare postulated.It turns out that for specializeddistributions
of axial loads the flexural rigidity is also a harmonic function that
is found by satisfying the boundary conditions and the governing
differential equation.

The determined buckling loads have been contrasted with the
results obtained by energy method.

Formulation of the Problem

The differentialequation that governs the buckling of the nonuni-
form column under a prescribed distributed axial load is
dw

d_2 D (12_w Nx)— | =0
oz | P aN)TT | =

where N (x) dependson the particularspatial form of the distributed
axial load p(x) =dN/dx.

In this paper the differential equation (2) will be solved for four
sets of boundary conditionscorrespondingto the followingcolumns:
1) simply supported at its both ends, 2) clamped at one end and free
at the other, 3) simply supported at one end and guided at the other,
and 4) clamped at both ends. For simplicity, the nondimensional
coordinate £ =x/L is introduced. Then the differential equation
becomes

d
+ —

p @

d>w

o]

The semi-inverse problem is posed as follows: Find an in-
homogeneous column with a specified harmonic buckling mode
w(&) = (&) that satisfies the boundary conditions and the differ-
ential equation (2). This problem requires the determination of the

d2

dg2

d|: , dwi|
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distribution of stiffness D(&) that together with the specific distri-
bution of axial load and the prescribed buckling mode satisfy the
governing eigenvalue problem.

In recent studies the polynomial buckling modes have been pos-
tulated to solve the problem at hand. Here the objective is to widen
the class by including trigonometric functions as buckling modes.
These appear to be suitable candidate functions, because for the uni-
form column under axial compression by a concentrated axial load
the sinusoidal function serves as a buckling mode.

The flexural rigidity D (€) is represented as follows:

D)= Ay + A sin(arwé) + A, cos(amé) @)

The semi-inverse problem might have no solution or multiple
solutions or a unique solution. It will be shown that for a speci-
fied distribution of axial load the solution turns out to be unique;
moreover, a single constant will be needed only.

Column Simply Supported at Both Ends

Let us consider a simply supported column subjected to a dis-
tributed axial load p (&), which leads to distribution of axial force
N (&). The governing differential equation of the column reads

ooty Llyrve | =0 5
T PO [t ves | = 5)

The following harmonic representation of the stiffness is intro-
duced:

D(§) = Ag+ A, sin(r§) (6)

In addition the buckling mode of the homogeneouscolumn under
constant axial force

V(&) = sin(r§) 7

is postulated. Bearing in mind the expressions (6) and (7), the first
term in the differential equation can be rewritten as

2

—nzd—[AU sin(w&) + A, sinz(né)]

dg?
= —n3%[AU cos(&) + 2A, sin(rw&) cos(mwé)] )
whereas the second term assumes the expression
d
s [qL>N(&)m cos(é)] €))

In view of expressions (8) and (9), the differential equation (5)
takes the form

d || qL? .
E { |:—2N($) — Ay — 24, 51n(n$):| cos(né)} =0 (10)

T

Equation (10) is naturally satisfied for all of the distributions of
axial force N (§) that are proportional to

N(&) o< Ay +2A; sin(§) (11)
‘We consider the following particular cases:

Case1: Ag=0;4; 70
In this case the stiffness distribution is

D(§) = A, sin(r§) (12)

Then, assuming N (§) = sin(xw &), the following eigenvalueis ob-
tained:

g =2A,7%/L° (13)

Case2: Ag 70;A4; =0
This case corresponds to the homogeneous column

D) = A (14)

Then, assuming N (§) = P = constant, the nondimensional equi-
librium differential equation can be written in the form

4 2
VoY (15)

Ao Y 2
d¢ d¢

from which the well-known critical load of the homogeneous col-
umn under constant axial load is obtained:

P = A®[L? (16)

General Case: Ag 70,41 70
This case corresponds to the inhomogeneous column with stiff-
ness distribution

D(§) = Ao[1 + Bsin(§)] a7

Considering that the stiffness must be positive, the following in-
equality must be verified:

Ay >0, B >-1

Furthermore, considering that the axial load must be positive and
proportionalto N (§) o 1+ 28 sin(x &), the ratio 8 must also satisfy
the inequality

B=-3
Assuming N (§)=1+28sin(m§), which can be associated to

a unit concentrated axial load plus a distributed axial load
p(§) =—2Bm Lcos(w&), the following eigenvalueis obtained:

q=Am?/L? (18)

In Fig. 1 the stiffness distributions relative to the limit case with
Ay=0and A, =1 and to the case with Ag=1 and 8= —0.5 are
reported.
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Fig.1 Flexuralrigidity for the column that is simply supported at both
ends.
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Column Clamped at One End and Free at the Other

For a cantilever column an harmonic function that satisfies the
boundary conditions is

V(&) =1 —cos[(m/2)§] (19)

Employing a trigonometricrepresentationof the flexural rigidity as
follows:

D(&) = Ag + Aj cos[(/2)&] (20)
the first term in the differential equation (3) can be rewritten as

3d
[ nlaole)]

whereas the second term assumes the expression

T4 N @) sin( Ze (22)
2 de 2

as a consequence the differential equation (5) can be written as

S 2 N — Ay — 24, cos Ze ) [ sin[ Ze ) L =0
a || =21 LR ) 2° )|~

(23)

Itis easy to recognize thatall of the distributionsof axial force N (§)
that are proportional to

N(§) o< Ag + 24, cos[(/2)§] (24)

satisfy the equilibrium differential equation. We consider the fol-
lowing particular cases:

Case1: Ag=0;4; 70
In this case the stiffness distribution is

D(§) = Ay cos[(/2)§] (25)

Then assuming N (§) = cos[(7r/2)&] the following eigenvalueis ob-
tained:

g=A /2L (26)

In Fig. 2a the stiffness distribution is reported with reference to
Ap=0and A, =1.
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Fig.2 Flexural rigidity for the column that is clamped at one end and
free at the other.

Case2: Ag 70;41=0
This case corresponds to the homogeneous column

D) = A 27

Then, assuming N (§) = P and g = 1, the critical load of the homo-
geneous cantilever beam is obtained:

P = Aon? [4L? (28)

General Case: Ag 70,41 70
This case corresponds to the inhomogeneous column with stiff-
ness distribution

D(§) = Ao{1 + Bcos[(m/2)§]} (29)

Assuming N (&) ={1 428 cos[(r/2)&]} the following eigenvalue
is obtained:

q = Agn® AL (30)

Also in this case the stiffness constants Ay and S must satisfy the
following inequalities:

Ay >0, B=>—

(8] o

In Fig. 2b the stiffness distribution corresponding to the values of
the stiffness coefficients Ay = 8 =1 is reported.

Verification of the Natural Boundary Conditions

For this particular case the natural boundary conditions at the free
end need to be verified because they are not obvious. The following
boundary conditions at the free end must be verified:

DEY"(€) =0 €29)
[DEYEN +gNE)Y'(E) =0 (32)

Condition (31) is met because " (£) is zero at the free end. In
the following the condition (32) will be verified for case 1 relative
to the distributed load; the verification relative to the general case
is similar. The critical load is ¢ = A% /2L3. Therefore, boundary
condition (32) becomes

A (0 4) cos[(rr/2)E I sin[(7r /2)E] + (A, /2) (/L)
xcos[(/2)E](r/2) sin[(m/2)E] =0 V& (33)

Column Simply Supported at One End
and Guided at the Other
For a column that is simply supported at one end and guided at
the other, the desired buckling mode is taken as

¥ (&) = sin[(/2)§] (34)

This mode shape coincides with the exact buckling mode for the
uniform column under axial constant compression.

Consideringa simple trigonometricrepresentationof the flexural
rigidity as follows:

D(§) = Ay + A, sin[(/2)§] (35)

The first term of the equilibriumdifferential equation can be written
in the following form:

d? d?
- [D(S)—w}

de? g2
{ |:—AU — 24, sin(%$>:| cos(%é) } (36)

73
8

&=
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whereas the second term assumes the expression

Z 411N ) cos| Lt (37)
2 de 2

and the equilibrium differential equation (5) can be written as

A L NE) — Ao — 24, sin( Ze ) [eos( Ze ) L =0
a || =1 0T ARSI 5 2° )|~

(38)
As a consequence the class of distributions of axial force
N(§) o Ag+ 2A, sin[(r/2)&] (39)

satisfies the equilibrium differential equation. The following partic-
ular cases are considered:

Case1: Ag=0;4; 70
In this case the stiffness distribution is

D(§) = Aj sin[(r/2)§] (40)

Then, assuming N (§) = sin[(;r/2)&] the following eigenvalue is
obtained:

q=Ax"/20° 41)

The stiffness distribution corresponding to Ay =0; A; =1 is re-
ported in Fig. 3a.

Case2: A) 70;A,=0

This case corresponds to the homogeneous column D(§) = Ay;
assuming N (§) = P and g = 1, the critical load of the homogeneous
simply supported guided column is obtained:

P = Ayn® [4L? (42)
General Case: Ag 70,41 70

This case corresponds to the inhomogeneous column with stiff-
ness distribution

D (&) = Ao{l + Bsin[(7/2)§]} (43)

Assuming N (§) =[1428sinm/2£)], the following eigenvalue is
obtained:

q = Agn® [4L? (44)
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Fig.3 Flexural rigidity for the column that is simply supported at one
end and guided at the other.

The stiffness and the axial load must be nonnegative; therefore, the
following inequalities must be verified:

1
B>—3

In Fig. 3b the stiffness distribution correspondingto Ay =8 =11is
displayed. It is remarkable that the expressions (40) and (44) coin-
cide formally with their counterparts (30) and (26) for the cantilever
column.

Ay > 0,

Column Clamped at Both Its Ends

Let us considera column clamped at both its ends. The boundary
conditions are satisfied for the following buckling mode:

V(&) =1—cos(2r§) (45)

Assuming the following trigonometricrepresentationof the flexural
rigidity:

D) = Ao+ A([1 — cos(2m§)] (46)

after algebraic manipulation the first term of the equilibrium differ-
ential equation can be written as

2 2
<L [D(S)ﬂ}= 87131({—140 — Ai[1-2cos(2m§)]} sin(27£))

dg? dg? d¢
47
and the second term assumes the expression
d
2r—[qL>N (€) sin27&)] (43)

dg

Therefore, considering expressions (47) and (48) the differential
equation (5) can be put as

d 1
E ({ mqﬁN(é) —Ay—A[l—- 2003(2715)]} sin(2n$)) =0
49)

from which it is apparent that the distributions of axial force N (£)
that are proportional to

N(E)oxAg+ A([1 —2cos(2mé)] (50)

satisfy the equilibrium differential equation for a specified value of
the buckling load.

Bearing in mind that N (§) must be positive, the case Ay =0;
A # 0 must be discarded. The following particular cases are con-
sidered.

Case 1: Ag 70,41 =0

This case corresponds to the homogeneous column D(§) = A,.
Assuming a constantaxial force P and g = 1, the critical load of the
homogeneous column is obtained:

P =4A,n*[L? (51)

General Case: Ag 70,41 70
This case corresponds to the inhomogeneous column with stiff-
ness distribution

D(&) = Ap{1 + B[1 — cos(2m§)]} (52)

Assuming N(§) =1+ B[1 —2cos(2w&)], the following eigenvalue
is obtained:

q =447 L3 (53)

Observing that the stiffness and the axial load cannot be negative,
the following inequalities must be verified:

Ay > 0, —%<ﬂ§l

The stiffness distributions relative to the case corresponding to
Ap=1and = —% and to the limit case Ap=1 and g =1 are re-
ported in Figs. 4a and 4b.
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Table1 Approximate results

Boundary condition Stiffness Axial load Rayleigh’s quotient
and trial function distribution D (§) distribution N (&) Eq. (54)
S-S (simply supported) Ay sin(w&) sin(&) 19.7541%
§ 260 +5° Aol + B sin(6)] opsingre) (98774 {22
1.196+ 8/ L3
C-F (clamped—free) Aq cos(l§> cos(l§> 5.406ﬂ
2 2 L3
652 — 483 4 & Ao[l-i-ﬂcos(lS)] [l+2ﬂcos(l§>] (2.703+M>ﬂ
2 2 1.0235+ 8/ L3
S-G (simply guided) Al sin(lg> sin(l§> 498841
2 2 L3
3¢ _Lle AU[1+ﬂsin(l§>] 1428 sin(l§> (2.494+M>ﬂ
2 2 2 2 1.129+ 8/ L3
C-C (clamped—clamped)  Aof{l 4+ B[1 —cosm&)]} 1+ B[l —2cos(27&)] (43.88 - ﬂ) ﬂ
3.900+8/ L3

§2 26" ¢

Table2 Comparison of the closed-form solution with the approximate results

Boundary  Considered Stiffness Closed-form Rayleigh’s Difference with closed- Shape of a column with
condition case distribution solution quotient form solution, % circular cross section
S-S 1 Ag=0;A; #0 22 (A1/L%) 19.754(A1/L3) 0.076 @
General Ao #0; A1 = —$ A 72(Ag/L3) 9.886(Ag/L?) 0.172
C-F 1 Ag=0;A, #0 72/2(A,/L3) 5.406(A; /L) 9.566 -
|
General Ag #0; A = A 72/4(Ag/L3)  2.7521(Ag/L3) 10.442 .
S-G 1 Ag=0;A, #0 72/2(A1 /L) 4.988(A /L%) 1.094 <
General Ag #0; A = A 72/4(Ao/L3) 2.497(Ag/L3) 1.216 E
Cc-C General Ao #0; A1 =—3A0  4nP(A/L3)  41.824(A/L%) 5.942 g
General Ag #0; A = A 472 (Ag/L%)  42.383(Ag/L3) 7.358 @
15 T Discussion
It appears to be instructive to list also the buckling loads ob-
1 tained by some other methods. To compare the obtained analyti-
D) \\ // cal results with those obtained considering approximate solutions,
05 we also conducted a calculation by the energy method using the
—— Rayleigh quotient
0

a)Ayg=1;8=—1

7 S

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
¢
b)Ag=1; B=1
Fig. 4 Flexural rigidity for the column clamped at both its ends.

1 Ji DEOW©P d
q = F 1
J, N®Y' (€)1 dg

(54)

For the trial function polynomial expressions were used for sim-
plicity. The approximate results are reported in Table 1. In the gen-
eral case the approximatesolutionsare dependenton both the param-
eters Ag and B, whereas the closed-form solutions depend on only
one parameter. The true mode shapes yield buckling loads slightly
lower than the approximate ones, whose values are reported in the
last column of Table 1, for any admissible value of the parameter 8.

The comparisonof the closed-formsolution with the approximate
results, for all of the cases considered earlier, is reported in Table 2.
In the last column of the same table are also sketched the shapes of
corresponding columns with circular cross sections.

The solutionsreportedhereincan be used as benchmark problems.
Also, at the time when the technology is available to produce an
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arbitrarydistributionof elasticmodulusalong the axis of the column,
one will be able to design inhomogeneouscolumns with preselected
bucklingloads. For example, let us consider the case when we need
to design a column that is simply supported at its ends and the
design requirement consists of the demand that the buckling load
be in excess of a preselected number §. Then Eq. (18) yields the
following value of Ay:

Ay =8L° n? (55)
This means that if the flexural rigidity is
D(&) = 8L /7°[1 + Bsin(§)] (56)

with 8> —1 and the external distribution of axial load p(§) =
—38[2Bm L cos(r&)] then the buckling load distribution will pre-
cisely coincide with §. Likewise, for the other boundary conditions
the designed flexural rigidities read

D(§) = (48L° /n*){1 + B cos[(n/2)§1} (57)
for the beam thatis clamped at one end and free at the other, whereas
D(§) = (48L° /n*){1 + B sin[(/2)€ 1} (58)

with reference to the column thatis simply supportedat one end and
guided at the other. For a column that is clamped at both its ends,
the stiffness distributionreads

D(§) = (L% /47*){1 + B[1 — cos(2m§)]} (59)

Each stiffness distribution corresponds to a different distribution of
external axial load.

Conclusions

In the paper, closed-form harmonic solutions have been derived
for the buckling modes of inhomogeneous columns subjected to

harmonic axial load distributions, thus showing that a harmonic
function can constitute closed-form buckling modes for inhomoge-
neous columns. Four cases of harmonically varying buckling modes
have been postulated and semi-inverse problems have been solved
that result in the distributions of the flexural rigidity compatible to
the preselected modes and to specified axial load distributions. In
all of the considered cases the closed-form solutions have been ob-
tained for the eigenvalue parameter. The presented methodology of
solving semi-inverse problemsrepresentsin actuality a design prob-
lem against buckling within the class of inhomogeneous columns.
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