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Can Harmonic Functions Constitute Closed-Form Buckling
Modes of Inhomogeneous Columns?
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It is uniformlyknown that the bucklingmodesofuniformcolumnsare given by trigonometric, namely,harmonic,
functions. For inhomogeneous columns the buckling modes usually are derived via special functions including
Bessel and Lommel functions. Recently it was demonstrated that the buckling modes of speci� c inhomogeneous
columns assume a simple polynomial form. The question posed in the title of this study therefore naturally arises.
It is shown that the reply to this query is af� rmative. Four cases of harmonically varying buckling modes are
postulated and semi-inverse problems are solved that result in the distributions of the � exural rigidity compatible
to the preselected modes and to speci� ed axial loaddistributions. In all cases the closed-form solutionsare obtained
for the eigenvalue parameter.

Nomenclature
A j = constant coef� cients [de� ned in Eq. (4)]
a = real number [de� ned in Eq. (1)]
D.x/ = axially varying � exural rigidity E .x/I .x/
E.x/ = modulus of elasticity
I = positive constant [de� ned in Eq. (1)]
I .x/ = moment of inertia
L = length of the column
N .x/ = axial compressive load distribution
P = critical load
p.x/ = distributed axial load
q = eigenvalue
w.x/ = displacements
x = axial coordinate
® = real number [de� ned in Eq. (4)]
¯ = ratio A1=A0

» = nondimensional coordinate
Ã.x/ = speci� ed harmonic buckling mode

Introduction

R ECENTLY several studies have been published that reported
novel closed-form solutions for columns of variable � exural

rigidity. Elishakoff and Rollot1 utilized computerized symbolic al-
gebra to derive several closed-form solutions.A systematic deriva-
tion has been conductedby Elishakoff2;3 and Guede and Elishakoff4

in whichpolynomialmodeshapeswith closed-formsolutionsfor the
buckling loads have been derived.Namely, Elishakoff’s study2dealt
with generalized Euler column, whereas in the paper3 Euler’s col-
umn under axial concentrated loads have been considered. Guede
and Elishakoff4 generalized this solution for the vibrating column.

It is of interest to extend the class of functions acceptable for
the bucklingmodes, because the polynomialshave been studied be-
fore. Here we consider the trigonometricmode shapes, as candidate
functions for the buckling modes.
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We foundin the literaturea referenceonasinglework,byDinnik,5

as quoted in the selected works by Dinnik6 whose title suggests that
the axial variation of the cross section or of the � exural rigidity
was sinusoidal. (We were unable to obtain the paper itself.) Another
book by Dinnik7 references work by Bleich,8 who considered by
approximatemethod bucklingof columns whose moment of inertia
varies as follows:

I .x/ D I [sin.a C x/=.a C L/¼ ]2 (1)

Dinnik7 mentions that “the methodand the numericalcoef� cients
obtained by Bleich8 call for doubts in their correctness.” Hence
Dinnik7 reobtained the formulas by numerical integration.

In this study, insteadof polynomialbucklingmodes trigonometric
functionsarepostulated.It turnsout that for specializeddistributions
of axial loads the � exural rigidity is also a harmonic function that
is found by satisfying the boundary conditions and the governing
differential equation.

The determined buckling loads have been contrasted with the
results obtained by energy method.

Formulation of the Problem
The differentialequation that governs the bucklingof the nonuni-

form column under a prescribed distributed axial load is

d2

dx2

µ
D.x/

d2w

dx2

¶
C

d

dx

µ
q N .x/

dw

dx

¶
D 0 (2)

where N .x/ dependson the particularspatial form of the distributed
axial load p.x/ D dN=dx.

In this paper the differential equation (2) will be solved for four
setsof boundaryconditionscorrespondingto the followingcolumns:
1) simply supported at its both ends, 2) clamped at one end and free
at the other, 3) simply supported at one end and guided at the other,
and 4) clamped at both ends. For simplicity, the nondimensional
coordinate » D x=L is introduced. Then the differential equation
becomes

d2

d» 2

µ
D.» /

d2w

d» 2

¶
C d

d»

µ
qL3 N .» /

dw

d»

¶
D 0 (3)

The semi-inverse problem is posed as follows: Find an in-
homogeneous column with a speci� ed harmonic buckling mode
w.»/ D Ã.»/ that satis� es the boundary conditions and the differ-
ential equation (2). This problem requires the determination of the
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distribution of stiffness D.» / that together with the speci� c distri-
bution of axial load and the prescribed buckling mode satisfy the
governing eigenvalue problem.

In recent studies the polynomial buckling modes have been pos-
tulated to solve the problem at hand. Here the objective is to widen
the class by including trigonometric functions as buckling modes.
These appear to be suitablecandidatefunctions,because for the uni-
form column under axial compression by a concentrated axial load
the sinusoidal function serves as a buckling mode.

The � exural rigidity D.» / is represented as follows:

D.» / D A0 C A1 sin.®¼»/ C A2 cos.®¼»/ (4)

The semi-inverse problem might have no solution or multiple
solutions or a unique solution. It will be shown that for a speci-
� ed distribution of axial load the solution turns out to be unique;
moreover, a single constant will be needed only.

Column Simply Supported at Both Ends
Let us consider a simply supported column subjected to a dis-

tributed axial load p.» /, which leads to distribution of axial force
N .» /. The governing differential equation of the column reads

d2

d» 2

µ
D.» /

d2w

d» 2

¶
C

d

d»

µ
qL3 N .» /

dw

d»

¶
D 0 (5)

The following harmonic representation of the stiffness is intro-
duced:

D.» / D A0 C A1 sin.¼»/ (6)

In addition the bucklingmode of the homogeneouscolumnunder
constant axial force

Ã.»/ D sin.¼»/ (7)

is postulated. Bearing in mind the expressions (6) and (7), the � rst
term in the differential equation can be rewritten as

¡¼ 2 d2

d» 2

£
A0 sin.¼»/ C A1 sin2.¼»/

¤

D ¡¼ 3 d
d»

[A0 cos.¼»/ C 2A1 sin.¼»/ cos.¼»/] (8)

whereas the second term assumes the expression

d

d»
[qL3 N .» /¼ cos.¼»/] (9)

In view of expressions (8) and (9), the differential equation (5)
takes the form

d

d»

»µ
qL3

¼ 2
N .» / ¡ A0 ¡ 2A1 sin.¼»/

¶
cos.¼» /

¼
D 0 (10)

Equation (10) is naturally satis� ed for all of the distributions of
axial force N .» / that are proportional to

N .» / / A0 C 2A1 sin.¼»/ (11)

We consider the following particular cases:

Case 1: A0 = 0; A1 6=6=0
In this case the stiffness distribution is

D.» / D A1 sin.¼»/ (12)

Then, assuming N .» / D sin.¼»/, the followingeigenvalueis ob-
tained:

q D 2A1 ¼ 2=L3 (13)

Case 2: A0 6=6=0; A1 = 0
This case corresponds to the homogeneous column

D.» / D A0 (14)

Then, assuming N .» / D P D constant, the nondimensional equi-
librium differential equation can be written in the form

A0
d4Ã

d» 4
C P L2 d2Ã

d» 2
D 0 (15)

from which the well-known critical load of the homogeneous col-
umn under constant axial load is obtained:

P D A0¼
2
¯

L2 (16)

General Case: A0 6=6=0; A1 6=6=0
This case corresponds to the inhomogeneous column with stiff-

ness distribution

D.» / D A0[1 C ¯ sin.¼»/] (17)

Considering that the stiffness must be positive, the following in-
equality must be veri� ed:

A0 > 0; ¯ > ¡1

Furthermore, considering that the axial load must be positive and
proportionalto N .» / / 1 C 2¯ sin.¼»/, the ratio ¯ must also satisfy
the inequality

¯ ¸ ¡ 1
2

Assuming N .» / D 1 C 2¯ sin.¼»/, which can be associated to
a unit concentrated axial load plus a distributed axial load
p.» / D ¡2¯¼ L cos.¼»/, the following eigenvalue is obtained:

q D A0¼
2
¯

L3 (18)

In Fig. 1 the stiffness distributions relative to the limit case with
A0 D 0 and A1 D 1 and to the case with A0 D 1 and ¯ D ¡0:5 are
reported.

a) A0 = 0; A1 = 1

b) A0 = 1; ¯ = ¡0.5

Fig. 1 Flexural rigidity for the columnthat is simply supported at both
ends.
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Column Clamped at One End and Free at the Other
For a cantilever column an harmonic function that satis� es the

boundary conditions is

Ã.»/ D 1 ¡ cos[.¼=2/» ] (19)

Employing a trigonometric representationof the � exural rigidity as
follows:

D.» / D A0 C A1 cos[.¼=2/» ] (20)

the � rst term in the differential equation (3) can be rewritten as

¼ 3

8

d

d»

»µ
¡A0 ¡ 2A1 cos

³
¼

2
»

´¶
sin

³
¼

2
»

´¼
(21)

whereas the second term assumes the expression

¼

2
d
d»

µ
q L3 N .» / sin

³
¼

2
»

´¶
(22)

as a consequence the differential equation (5) can be written as

d

d»

»µ
4

¼ 2
qL3 N .» / ¡ A0 ¡ 2A1 cos

³
¼

2
»

´¶
sin

³
¼

2
»

´¼
D 0

(23)

It is easy to recognize that all of the distributionsof axial force N .» /
that are proportional to

N .» / / A0 C 2A1 cos[.¼=2/» ] (24)

satisfy the equilibrium differential equation. We consider the fol-
lowing particular cases:

Case 1: A0 = 0; A1 6=6=0
In this case the stiffness distribution is

D.» / D A1 cos[.¼=2/» ] (25)

Then assuming N .» / D cos[.¼=2/» ] the followingeigenvalueis ob-
tained:

q D A1 ¼ 2
¯

2L3 (26)

In Fig. 2a the stiffness distribution is reported with reference to
A0 D 0 and A1 D 1.

a) A0 = 0; A1 = 1

b) A0 = 1; ¯ = 1

Fig. 2 Flexural rigidity for the column that is clamped at one end and
free at the other.

Case 2: A0 6=6=0; A1 = 0
This case corresponds to the homogeneous column

D.» / D A0 (27)

Then, assuming N .» / D P and q D 1, the critical load of the homo-
geneous cantilever beam is obtained:

P D A0¼ 2
¯

4L2 (28)

General Case: A0 6=6=0; A1 6=6=0
This case corresponds to the inhomogeneous column with stiff-

ness distribution

D.» / D A0f1 C ¯ cos[.¼=2/» ]g (29)

Assuming N .» / D f1 C 2¯ cos[.¼=2/» ]g the following eigenvalue
is obtained:

q D A0¼ 2
¯

4L3 (30)

Also in this case the stiffness constants A0 and ¯ must satisfy the
following inequalities:

A0 > 0; ¯ ¸ ¡ 1
2

In Fig. 2b the stiffness distribution corresponding to the values of
the stiffness coef� cients A0 D ¯ D 1 is reported.

Veri� cation of the Natural Boundary Conditions
For this particularcase the naturalboundaryconditionsat the free

end need to be veri� ed because they are not obvious. The following
boundary conditions at the free end must be veri� ed:

D.» /Ã 00.» / D 0 (31)

[D.» /Ã 00.» /]0 C q N .» /Ã 0.» / D 0 (32)

Condition (31) is met because Ã 00.» / is zero at the free end. In
the following the condition (32) will be veri� ed for case 1 relative
to the distributed load; the veri� cation relative to the general case
is similar. The critical load is q D A1¼

2=2L3. Therefore, boundary
condition (32) becomes

A1.¼ 3=4/ cos[.¼=2/» ] sin[.¼=2/» ] C .A1=2/.¼ 2=L3/

£ cos[.¼=2/» ].¼=2/ sin[.¼=2/» ] D 0 8» (33)

Column Simply Supported at One End
and Guided at the Other

For a column that is simply supported at one end and guided at
the other, the desired buckling mode is taken as

Ã.»/ D sin[.¼=2/» ] (34)

This mode shape coincides with the exact buckling mode for the
uniform column under axial constant compression.

Consideringa simple trigonometricrepresentationof the � exural
rigidity as follows:

D.» / D A0 C A1 sin[.¼=2/» ] (35)

The � rst term of the equilibriumdifferentialequationcan be written
in the following form:

d2

d» 2

µ
D.» /

d2Ã

d» 2

¶

D ¡ ¼ 3

8
d
d»

»µ
¡A0 ¡ 2A1 sin

³
¼

2
»

´¶
cos

³
¼

2
»

´¼
(36)
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whereas the second term assumes the expression

¼

2

d

d»

µ
qL3 N .» / cos

³
¼

2
»

´¶
(37)

and the equilibrium differential equation (5) can be written as

d

d»

»µ
4

¼ 2
q L3 N .» / ¡ A0 ¡ 2A1 sin

³
¼

2
»

´¶
cos

³
¼

2
»

´¼
D 0

(38)

As a consequence the class of distributionsof axial force

N .» / / A0 C 2A1 sin[.¼=2/» ] (39)

satis� es the equilibriumdifferentialequation.The followingpartic-
ular cases are considered:

Case 1: A0 = 0; A1 6=6=0
In this case the stiffness distribution is

D.» / D A1 sin[.¼=2/» ] (40)

Then, assuming N .» / D sin[.¼=2/» ] the following eigenvalue is
obtained:

q D A1¼
2
¯

2L3 (41)

The stiffness distribution corresponding to A0 D 0I A1 D 1 is re-
ported in Fig. 3a.

Case 2: A0 6=6=0; A1 = 0
This case corresponds to the homogeneous column D.» / D A0;

assuming N .» / D P and q D 1, the critical load of the homogeneous
simply supported guided column is obtained:

P D A0¼ 2
¯

4L2 (42)

General Case: A0 6=6=0; A1 6=6=0
This case corresponds to the inhomogeneous column with stiff-

ness distribution

D.» / D A0f1 C ¯ sin[.¼=2/» ]g (43)

Assuming N .» / D [1 C 2¯ sin ¼=2»/], the following eigenvalue is
obtained:

q D A0¼
2
¯

4L3 (44)

a) A0 = 0; A1 = 1

b) A0 = 1; ¯ = 1

Fig. 3 Flexural rigidity for the column that is simply supported at one
end and guided at the other.

The stiffness and the axial load must be nonnegative; therefore, the
following inequalitiesmust be veri� ed:

A0 > 0; ¯ > ¡ 1
2

In Fig. 3b the stiffness distribution corresponding to A0 D ¯ D 1 is
displayed. It is remarkable that the expressions (40) and (44) coin-
cide formally with their counterparts(30) and (26) for the cantilever
column.

Column Clamped at Both Its Ends
Let us consider a column clamped at both its ends. The boundary

conditions are satis� ed for the following buckling mode:

Ã.»/ D 1 ¡ cos.2¼»/ (45)

Assuming the following trigonometricrepresentationof the � exural
rigidity:

D.» / D A0 C A1[1 ¡ cos.2¼»/] (46)

after algebraic manipulation the � rst term of the equilibrium differ-
ential equation can be written as

d2

d» 2

µ
D.» /

d2Ã

d» 2

¶
D 8¼ 3 d

d»
..f¡A0 ¡ A1[1¡2 cos.2¼»/]g sin.2¼»///

(47)

and the second term assumes the expression

2¼
d
d»

[q L3 N .» / sin.2¼»/] (48)

Therefore, considering expressions (47) and (48) the differential
equation (5) can be put as

d
d»

³³»
1

4¼ 2
qL3 N .» / ¡ A0 ¡ A1[1 ¡ 2 cos.2¼»/]

¼
sin.2¼»/

´́
D 0

(49)

from which it is apparent that the distributionsof axial force N .» /
that are proportional to

N .» / / A0 C A1[1 ¡ 2 cos.2¼»/] (50)

satisfy the equilibrium differential equation for a speci� ed value of
the buckling load.

Bearing in mind that N .» / must be positive, the case A0 D 0I
A1 6D 0 must be discarded. The following particular cases are con-
sidered.

Case 1: A0 6=6=0; A1 = 0
This case corresponds to the homogeneous column D.» / D A0.

Assuming a constant axial force P and q D 1, the critical load of the
homogeneous column is obtained:

P D 4A0¼ 2
¯

L2 (51)

General Case: A0 6=6=0; A1 6=6=0
This case corresponds to the inhomogeneous column with stiff-

ness distribution

D.» / D A0f1 C ¯[1 ¡ cos.2¼»/]g (52)

Assuming N .» / D 1 C ¯[1 ¡ 2 cos.2¼»/], the followingeigenvalue
is obtained:

q D 4A0¼ 2
¯

L3 (53)

Observing that the stiffness and the axial load cannot be negative,
the following inequalitiesmust be veri� ed:

A0 > 0; ¡ 1
3 < ¯ · 1

The stiffness distributions relative to the case corresponding to
A0 D 1 and ¯ D ¡ 1

3 and to the limit case A0 D 1 and ¯ D 1 are re-
ported in Figs. 4a and 4b.
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Table 1 Approximate results

Boundary condition Stiffness Axial load Rayleigh’s quotient
and trial function distribution D.»/ distribution N .»/ Eq. (54)

S-S (simply supported) A1 sin.¼»/ sin.¼»/ 19.7541
A1

L3

» ¡ 2» 3 C » 4 A0[1 C ¯ sin.¼»/] 1 C 2¯ sin.¼»/

±
9:877 C

0:006339

1:196 C ¯

²
A0

L3

C-F (clamped–free) A1 cos
±

¼

2
»

²
cos

±
¼

2
»

²
5.406

A1

L3

6» 2 ¡ 4»3 C »4 A0

h
1 C ¯ cos

±
¼

2
»

²i h
1 C 2¯ cos

±
¼

2
»

²i ±
2:703 C 0:0992

1:0235 C ¯

²
A0

L3

S-G (simply guided) A1 sin
±

¼

2
»

²
sin

±
¼

2
»

²
4.988

A1

L3

3

2
» ¡ 1

2
» 3 A0

h
1 C ¯ sin

±
¼

2
»

²i
1 C 2¯ sin

±
¼

2
»

² ±
2:494 C 0:00643

1:129 C ¯

²
A0

L3

C-C (clamped–clamped) A0f1 C ¯[1 ¡ cos.2¼»/]g 1 C ¯[1 ¡ 2 cos.2¼»/]
±

43:88 ¡ 7:33412

3:900 C ¯

²
A0

L3

» 2 ¡ 2» 3 C » 4

Table 2 Comparison of the closed-form solution with the approximate results

Boundary Considered Stiffness Closed-form Rayleigh’s Difference with closed- Shape of a column with
condition case distribution solution quotient form solution, % circular cross section

S-S 1 A0 D 0I A1 6D 0 2¼2.A1=L3/ 19.754.A1=L3/ 0.076

General A0 6D 0I A1 D ¡ 1
2 A0 ¼2.A0=L3/ 9.886.A0=L 3/ 0.172

C-F 1 A0 D 0I A1 6D 0 ¼2=2.A1=L3/ 5.406.A1=L 3/ 9.566

General A0 6D 0I A1 D A0 ¼2=4.A0=L3/ 2.7521.A0=L3/ 10.442

S-G 1 A0 D 0I A1 6D 0 ¼2=2.A1=L3/ 4.988.A1=L 3/ 1.094

General A0 6D 0I A1 D A0 ¼2=4.A0=L3/ 2.497.A0=L 3/ 1.216

C-C General A0 6D 0I A1 D ¡ 1
3 A0 4¼2.A1=L3/ 41.824.A1=L3/ 5.942

General A0 6D 0I A1 D A0 4¼2.A0=L3/ 42.383.A0=L3/ 7.358

a) A0 = 1; ¯ = ¡ 1
3

b) A0 = 1; ¯ = 1

Fig. 4 Flexural rigidity for the column clamped at both its ends.

Discussion
It appears to be instructive to list also the buckling loads ob-

tained by some other methods. To compare the obtained analyti-
cal results with those obtained considering approximate solutions,
we also conducted a calculation by the energy method using the
Rayleigh quotient

q D 1
L3

R 1

0
D.» /[Ã 00.» /]2 d»

R 1

0
N .» /[Ã 0.» /]2 d»

(54)

For the trial function polynomial expressions were used for sim-
plicity. The approximate results are reported in Table 1. In the gen-
eral case theapproximatesolutionsaredependentonboth theparam-
eters A0 and ¯ , whereas the closed-form solutions depend on only
one parameter. The true mode shapes yield buckling loads slightly
lower than the approximate ones, whose values are reported in the
last column of Table 1, for any admissible value of the parameter¯ .

The comparisonof the closed-formsolutionwith the approximate
results, for all of the cases consideredearlier, is reported in Table 2.
In the last column of the same table are also sketched the shapes of
correspondingcolumns with circular cross sections.

The solutionsreportedhereincanbeusedas benchmarkproblems.
Also, at the time when the technology is available to produce an
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arbitrarydistributionof elasticmodulusalongtheaxisof thecolumn,
one will be able to design inhomogeneouscolumnswith preselected
buckling loads. For example, let us consider the case when we need
to design a column that is simply supported at its ends and the
design requirement consists of the demand that the buckling load
be in excess of a preselected number ±. Then Eq. (18) yields the
following value of A0:

A0 D ±L3=¼2 (55)

This means that if the � exural rigidity is

D.» / D ±L3=¼2[1 C ¯ sin.¼»/] (56)

with ¯ > ¡1 and the external distribution of axial load p.» / D
¡±[2¯¼ L cos.¼»/] then the buckling load distribution will pre-
cisely coincide with ±. Likewise, for the other boundary conditions
the designed � exural rigidities read

D.» / D .4±L3=¼2/f1 C ¯ cos[.¼=2/» ]g (57)

for the beamthat is clampedat one end and free at the other,whereas

D.» / D .4±L3=¼2/f1 C ¯ sin[.¼=2/» ]g (58)

with reference to the column that is simply supportedat one end and
guided at the other. For a column that is clamped at both its ends,
the stiffness distribution reads

D.» / D .±L3=4¼ 2/f1 C ¯[1 ¡ cos.2¼»/]g (59)

Each stiffness distributioncorresponds to a different distributionof
external axial load.

Conclusions
In the paper, closed-form harmonic solutions have been derived

for the buckling modes of inhomogeneous columns subjected to

harmonic axial load distributions, thus showing that a harmonic
function can constitute closed-form buckling modes for inhomoge-
neouscolumns.Four cases of harmonicallyvaryingbucklingmodes
have been postulated and semi-inverse problems have been solved
that result in the distributionsof the � exural rigidity compatible to
the preselected modes and to speci� ed axial load distributions. In
all of the consideredcases the closed-form solutions have been ob-
tained for the eigenvalueparameter. The presented methodologyof
solvingsemi-inverseproblemsrepresents in actualitya design prob-
lem against buckling within the class of inhomogeneouscolumns.
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